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The ob  jec  tive of this pa  per is to in  tro  duce a new di  rect method for neutronic cal  cu  la  -
tions. This method, called di rect dis crete method, is sim pler than the ap pli ca tion of the 
neu  tron trans  port equa  tion and more com  pat  i  ble with the phys  i  cal mean  ings of the
prob  lem. The method, based on the phys  ics of the prob  lem, ini  tially runs through
mesh  ing of the de  sired ge  om  e  try. Next, the bal  ance equa  tion for each mesh in  ter  val is
writ  ten. Con  sidering the con  nec  tion be  tween the mesh in  ter  vals, the fi  nal dis  crete
equa tion se ries are di rectly ob tained with out the need to pass through the set up of the
neutron trans  port dif  fer  en  tial equa  tion first. In this pa  per, one and multigroup
neutron trans port dis crete equa tion has been pro duced for a cy lin  dri cal shape fuel el e  -
ment with and with  out the as  so  ci  ated clad and the cool  ant re  gions, each with two dif  -
fer  ent ex  ter  nal bound  ary con  di  tions. The va  lid  ity of the re  sults from this new method
is tested against the re  sults ob  tained by the MCNP-4B and the ANISN codes.
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IN TRO DUC TION
A con  trol vol  ume is usu  ally cho  sen for solv ing
the phys i cal prob lems on hand, and the pro duc tion,
ab  sorp  tion, in  put and out  put terms are writ  ten for
it. Then, if the con  trol vol  ume ap  proaches zero, the
rel e vant  dif fer en tial  equa tion  can  be  de rived.  This
equa  tion – with its ini  tial and bound  ary con  di  tions
–  ex press  the  men tioned  phys i cal  phe nom ena  in
math e mat i cal  for mu la tion.  The  de rived  dif fer en tial
equa  tion is not usu  ally easy to solve ex  cept for
sim ple  and  sym met ri cal  ge om e tries.  There fore,  nu -
mer  i  cal meth  ods are to be used. In this re  gard, the
con tin u ous  pa ram e ters  must  be  con verted  to  dis -
crete  pa ram e ters  to  pro duce  al ge braic  equa tion  se -
ries  [1].
The main goal in neutronic field is cal  cu  la  tion
of  neu tron  pop u la tion  dis tri bu tion  (neu tron  flux
dis tri bu tion) in a re ac tor core. The bal ance equa tion 
for  the  neu tron  pop u la tion  dis tri bu tion  in side  a  re -
ac  tor core is:
¶
¶
n
t
P L = -
where:  n is the neu  tron pop  u  la  tion in time t;
¶ ¶ n/ t–  change  in  neu tron  pop u la tion  ver sus  time,
P  –  neu tron  pro duc tion,  and  L  – neu  tron loss.
Neu tron  pop u la tion  in  this  equa tion  de -
pends on the fol  low  ing seven fac  tors (x, y, z, E,
Wx, jWy, t). Neu tron pro duc tion con sists of fis sion 
neu trons,  ex tra ne ous  sources  and  scat ter ing
from other en  ergy and an  gle in  ter  vals to a de  -
fined en  ergy and an  gle in  ter  vals. Neu  tron loss
also  in cludes  ab sorp tion,  leak age  from  re ac tor
core and scat  ter  ing to other en  ergy and an  gle in  -
ter vals.Fur ther math e mat i cal cal cu la tions lead to 
the  fol low ing  integro-dif fer en tial  neu tron  trans -
port equa  tion [2]:
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(2)
It is ap  par  ent that the above equa  tion is not
easy to solve even for sim ple and sym met ri cal ge om -
e  tries. This equa  tion is usu  ally re  duced to a sim  ple
one  us ing  dif fer ent  nu mer i cal  meth ods.  Few  of  the
ap prox i mate meth ods de vised to make this equa tion 
more ame  na  ble to ac  cept  able so  lu  tions are as fol  -
lows [3]: (a) col  li  sion prob  a  bil  ity (Pij), (b) dis  crete
SN method, and (c) PL ap prox i ma tion  and  dif fu sion
equa tion.
Other proba  bil  is  tic meth  ods such as Monte
Carlo and nodal meth  ods have also been pre  sented
for  neu tron  flux  dis tri bu tion  cal cu la tions.  While
each of these meth  ods has its own mer  its, they are
not free of short  com  ings. When ap  ply  ing each of
the above meth  ods to solve the neu  tron trans  port
equa  tion, math  e  mat  i  cal tools are given so much
con  cern that the phys  ics of the prob  lem is usu  ally
lost in be  tween. Also, some  times, new math  e  mat  i  -
cal  pa ram e ters  (such  as  dif fu sion  co ef fi cient  and
diffusion length in pro  duc  tion of diffusion equa  -
tion) that have no spe cific phys i cal mean ings are de -
fined  and  are  solely  ar ti fi cial  math e mat i cal  pa ram e -
ters. In the next sec  tion, some of the short  com  ings
of  dif fer en tial  for mu la tion  are  listed.
RE STRIC TIONS  IN  AP PLY ING
DIF FER EN TIAL  FOR MU LA TION 
Some  in tri ca cies  in  ap ply ing  dif fer en tial  for -
mu  la  tion have al  ready been stated. Here, some
more  re stric tions  in  ap ply ing  this  for mu la tion  are
listed.
(1) Phys i cal vari ables can be clas si fied into two 
main  cat e go ries: global quan  ti  ties and field func  -
tions.
Global  quan ti ties  are  di rectly  mea sur able  in
the lab  o  ra  tory; there  fore, they must be phys  i  cal and
re al iz able  pa ram e ters  such  as  mass,  in ter nal  en ergy
and  neu tron  pop u la tion.
The  cor re spond ing  field  func tions are de  rived
from these global vari ables by a lim it ing pro cess and
are called mass den sity, en ergy den sity and neu tron pop -
u la tion  den sity.
Dif fer en tial  for mu la tion  of  phys i cal  laws  re -
quires the con  ver  sion of global vari  ables into field
func tions by the lim it ing pro cess ap plied to the line,
sur  face and vol  ume to get den  si  ties and to the time
in  ter  val to get rates.
(2)  The  an a lyt i cal  so lu tions  of  dif fer en tial
equa  tions are nor  mally pos  si  ble for smooth bound  -
aries. This con  di  tion is not com  monly met in prac  -
tice. There fore, nu mer i cal treat ment is usu ally used.
(3) Usually sources are con  cen  trated in small
re  gions like the heat spot of a la  ser beam or a point
neu tron  source.  The  dif fer en tial  for mu la tion  leads
to  con sid er ing  pointwise  con cen trated  sources,
which are unphysical, in  stead of sources with given
in  ten  sity con  cen  trated in a small but fi  nite area. In
or  der to over  come this prob  lem, the Dirac gen  er  al  -
ized func  tion is in  tro  duced.
(4) In ad di  tion to few of the men  tioned short -
com ings  at trib ut able  to  dif fer en tial  for mu la tion,
there is one other ma jor draw  back and that is its sel  -
dom  adapt abil ity  to  an a lyt i cal  so lu tions.  As  a  re sult,
one should re  sort to nu mer i cal meth ods, such as the
fi nite dif fer ence method, the fi nite el e ment method, 
the weighted re  sid  ual method, the least square
method  [4],  etc., in or  der to be able to discretize the
dif fer en tial equa tions and thus pro duce a fi nite set of 
al ge braic  equa tions.
With these in  tro  duc  tory re  marks we are now
in a po  si  tion to pose the fol  low  ing ques  tions:
–  Why  use  the  dif fer en tial  for mu la tion  against
all  these  re stric tions  and  com pli ca tions?
– Is the dif  fer  en  tial for  mu  la  tion the only way
to  for mu late  a  phys i cal  phe nom e non?
– Is it pos  si  ble to di  rectly ob  tain a dis  crete
form of phys i cal laws with out a com pul sory pas sage
into  the  dif fer en tial  for mu la tion?
The an  swers to all these ques  tions – with the
no ta ble ad vance in speed of cal cu la tions and the vol -
ume of the mem  ory of to  day’s com  put  ers – may be
given by in  tro  duc  ing the new di rect  dis crete  method
(DDM ). This method is much sim  pler and more
com  pat  i  ble with the mean  ings of the phys  i  cal laws
when com pared with the cus tom ary and wide spread 
dif fer en tial  for mu la tion  method.  This  method  has
been  suc cess fully  ap plied  to  new to nian  me chanic
[5],  elec tro static,  elec tro dy nam ics  [6], heat trans  fer
[1], and fluid me  chan  ics. The method is fur  ther de  -
vel  oped to adapt it to the gen  eral neutronic cal  cu  la  -
tions.
GEN ERAL  RE MARKS  ON
DDM  FOR MU LA TION
The ques  tion here is how to pro  duce dis  crete
for mu la tions  for  a  phys i cal  prob lem.  Three  ma jor14 Nu clear  Tech nol ogy  &  Ra di a tion  Pro tec tion  –  2/2003
steps are en  vi  sioned to trans form the phys i cal prob  -
lem into the DDM model:
(1) Iden  ti  fi  ca  tion of the global vari  ables of
the spe  cific prob  lem on hand: as men  tioned be  -
fore, phys  i  cal vari  ables are clas  si  fied into two cat  -
e go ries.  Dif fer en tial  for mu la tion  uses  field  func -
tions, which are spu  ri  ous and unphysical
pa  ram  e  ters. DDM uses global vari  ables, which
are real and phys  i  cal pa  ram  e  ters. The global vari  -
ables should be iden  ti  fied for the de  fined phys  i  cal
field first. Neu tron  pop u la tion is a global vari  able
in a neutronic field.
(2) Adop tion of a suit able mesh ing scheme for 
the  spec i fied  ge om e try:  coordinate  sys tems  are  the
es  sen  tial tools to de  rive and solve the dif  fer  en  tial
equa tions.  In  dif fer en tial  for mu la tion,  a  co or di nate
sys  tem is usu  ally cho  sen and then the integrals and
de  riv  a  tives are discretized with no  tice to the cho  sen
co or di nate  sys tem.  As a re sult,  the dif fer en tial equa -
tions change to a set of al  ge  braic equa  tions. Sim  i  -
larly, in the DDM method, a suit  able mesh  ing
scheme should be adopted such as tri  an  gu  lar, rect  -
an gu lar,  cy lin dri cal  or  spher i cal  mesh  de pend ing  on
the given ge  om  e  try and its di  men  sions. For in  -
stance, in pin-cell cal  cu  la  tions, it is better to use cy  -
lin dri cal  mesh ing  scheme  con sid er ing  the  fact  that
fuel  el e ments  are  usu ally  cy lin dri cal  in  shape.
(3) For  mu  la  tion of the bal  ance equa  tion for
each mesh in  ter  val: the bal  ance equa  tion should
be writ  ten for each of the gen  er  ated mesh in  ter  -
vals con  sid  er  ing the phys  ics of the prob  lem. It
should be men  tioned that due to de  pend  ence of
each mesh in  ter  val equa  tion on its neigh  bor  ing
mesh in  ter  val equa  tions, the set of the gen  er  ated
DDM equa  tions must there  fore be solved si  mul  -
ta neously.
Finally, it is im  por  tant to note that the DDM
for mu la tion  can  trans form  into  the  dif fer en tial  for -
mu la tion us ing the lim it ing pro cess. Fig ure 1 shows 
the main dif  fer  ences be  tween these two dis  tinct ap  -
proaches or meth  ods.
AP PLI CA TION  OF  DDM  TO
NEUTRONIC FIELDS
As pre  vi  ously men  tioned, to ap  ply DDM to a
phys i cal prob lem, first the phys ics and the ge om e try 
of the prob lem have to be com pletely known and its
global  vari ables  iden ti fied.  There fore,  neu tron  pop -
u la tion  N is de  fined as a global vari  able in a
neutronic field. As an ex  am  ple, let us con  sider a cy  -
lin dri cal  fuel  el e ment  with  vol ume  V and sur  face S.
Next, as  sume a time in  ter  val t se  lected un  der some
spe cial  con di tions.  The  neu tron  bal ance  equa tion
can now be writ  ten for the ex  ist  ing neu  trons in this
po  si  tion-time el  e  ment based on the events which
might hap  pen to these neu  trons in  side the fuel el  e  -
ment.
The  fol low ing  es sen tial  as sump tions  have
been made in de  riv  ing the neu  tron dis  crete equa  -
tions:
(1) One-group en  ergy;
(2) Uni form  dis tri bu tion  of  the  ma te ri als  oc -
cu  py  ing the re  gions of the var  i  ous mesh in  ter  vals of
the vol  ume el  e  ment – the di  men  sions of the mesh
in  ter  vals are nor  mally so small that make this as  -
sump tion  ac cept able;
(3)  Uni form  dis tri bu tion  of  neu tron  pop u la -
tion in each mesh in  ter  val;
(4) The rates of the en  ter  ing and the ex  it  ing
neu  trons across the var  i  ous sur  faces of the mesh in  -
ter  vals are as  sumed to be con  stant;
(5) Limit the time in ter val t so as to al low only
one  neu tron  in ter ac tion;
(6) Neu  tron-neutron col  li  sion is ne  glected;
(7) The static-state case is con  sid  ered.
Finally, let us write down the gen  eral bal  ance
equa tion  in de pend ent  of  the  shape,  di men sion,  and
the ma  te  rial make up of the el  e  ment un  der study:
P V t A V t I S t O S t ( , ) ( , ) ( , ) ( , ) - + - = 0 (3)
We have in the above equa tion: P – neu tron pro duc -
tion,   A – neu tron ab sorp tion, I – neu tron in put, O – 
neu tron  out put,  V  – the vol  ume of the el  e  ment, S –
Fig ure  1.  (a)  Tra di tional  ap prox i mate  meth ods  are
based on discretization of dif  fer  en  tial equa  tions;
(b) the di  rect dis  crete method (DDM) per  mits to di  -
rectly ob  tain the dis  crete form of phys  i  cal equa  tions
from  phys i cal  factsthe pe riph eral sur face of the el e ment, and  t – the ob -
ser va tion    time  in ter val.
Each of the terms iden ti fied above will later be
ex  plic  itly con  strued, us  ing the neutronic global
vari able  (N).
PRO DUC TION  OF  NEU TRON
BAL ANCE  EQUA TION
(US ING  PROB A BIL I TIES) 
In this sec tion, we will adapt the above bal ance 
equa  tion to neutronic cal  cu  la  tion. To start out, we
shall di  vide the neu  tron pop  u  la  tion into two sep  a  -
rate  en ti ties.  The  pri mary  (al ready  avail able)  neu -
trons within the dif  fer  ent mesh re  gions and the sec  -
ond ary  (en trant)  neu  trons that en  ter into dif  fer  ent
meshes through their cor  re  spond  ing sur  faces. It
will be seen later, that there are in fact no sub stan tial
dif  fer  ences be  tween these two groups of neu  trons
and that this di  vi  sion sim  ply co  mes to be handy
when de  riv  ing the dis  crete equa  tions.
Pri mary  neu trons
A cy  lin  dri  cal shape fuel el  e  ment is as  sumed
with a pop u la tion of neu trons al ready in side it. Next 
we will in  ves  ti  gate the fate of these neu  trons dur  ing
the ob ser va tion time  in ter val t. Also we as sume that
no neu  trons en  ter the vol  ume through the bound  -
aries at this stage. These neu trons may par tic i pate in 
the  fol low ing  re ac tions:
(1)  Neu trons  may  par tic i pate  in  ab sorp tion
re ac tion: 
– ab  sorbed neu  trons may cause fis  sion,
– neu trons pro duced from fis sion may es cape from 
the  vol ume  el e ment,
– neu  trons pro  duced from fis  sion may re  main in
the  vol ume  el e ment,  and
– ab  sorbed neu  trons may just be cap  tured;
(2)  Neu trons  may  par tic i pate  in  scat ter ing  re -
ac tion:
– neu  trons af  ter scat  ter  ing may es  cape from the
vol ume  el e ment,  and
– neu trons  af ter  scat ter ing  may  re main  in side  the
vol ume  el e ment;
(3) Neu  trons may re  main in the vol  ume el  e  -
ment with  out any re  ac  tion;
(4) Neu trons may es cape from the vol ume el e -
ment with  out any re  ac  tion.
“Es  cape af  ter scat  ter  ing” and  “es  cape with  out
any  re ac tion”  are  not  dif fer en ti ated,  be cause  in  ei -
ther case a neu  tron is lost from the men  tioned vol  -
ume el  e  ment. On the other hand, neu  trons set out
to move in a cer tain di rec tion with a fi nite speed and 
ex pe ri enc ing  no  in ter ac tions  do  not  nec es sar ily  all
get the chance to leave the vol  ume el e  ment in the fi -
nite  ob ser va tion  time  in ter val  t. Only neu  trons,
which are close to the bound  ary of the el  e  ment, can
es  cape from the vol  ume el  e  ment. If the speed of
neu  trons is as  signed to be n  and the time in  ter  val as
al  ready in  tro  duced is as  sumed to be t, then the fur  -
thest dis  tance that a wan  der  ing neu  tron can travel
is:
d v t = × (4)
The re  gion re  al  ized by this dis  tance which is
ad  ja  cent to the sur  face of ev  ery mesh in  ter  val, is
named the bound  ary layer thick  ness, fig. 2. It is ob  -
vi ous that neu trons ly ing within this bound ary layer 
have the chance of es cap ing the re gion. Con sidering 
the def  i  ni  tion of this bound  ary layer, the pri  mary
neu  trons may be cat  e  go  rized into two dif  fer  ent
groups:
(1) Neu  trons in the in  ter  nal zone with an es  -
cape  prob a bil ity  equal  zero;
(2) Neu  trons in the bound  ary layer that have
the chance of es  cap  ing the re  gion.
Since  the  neu tron  pop u la tion  dis tri bu tion  in
each mesh in ter val has al  ready been as  sumed as uni  -
form, hence the ra  tio of neu  trons in each of the
above men  tioned two re  gions to the to  tal num  ber
of neu trons equals  the ra tio of the vol ume of the re -
spec  tive re  gions to the to  tal vol  ume of the vol  ume
el e ment. Two new pa ram e ters, a (neu trons’ in ter nal
zone frac  tion) and b (neu  trons’ bound  ary layer frac  -
tion) are de  fined as:
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Fig ure  2.  Cy lin dri cal  el e ment  and
its bound  ary layerwhere: Nb is the num  ber of neu  trons in the bound  -
ary layer, Vb  – vol  ume of the bound  ary layer, Ni –
num ber of neu trons in in ter nal zone, Vi – vol ume of
in ter nal  zone,  N  – num  ber of the to  tal neu  trons in
the vol ume el e ment, and V – to tal vol ume of the vol -
ume  el e ment.
How ever,  d2 is ne  glected against 2rd in the
above equa  tion. Con  se  quently, the num  ber of neu  -
trons in the in ter nal zone will be equal to aN and the
num  ber of neu  trons in the bound  ary layer will be
bN.
Neu trons  in  in ter nal  zone  (aN) 
The es  cape prob  a  bil  ity for this group of neu  -
trons is zero and the re  ac  tions that they may un  -
dergo are the fol  low  ing:
– prob  a  bil  ity of neu  trons not ab  sorbed in the time
in ter val  t:
exp( ) -å vt a
– prob a  bil ity of neu tron ab sorp tion in the time in -
ter val  t:
1- -å exp( ) vt a
–  prob  a  bil  ity of fis  sion (if they are ab  sorbed):
f
a
å
å
– probability of cap  ture (if they are ab  sorbed):
å
å
c
a
Neu  trons in bound  ary layer (bN) 
The es  cape prob  a  bil  ity for this group of
neu  trons is not zero. These neu  trons, on the av  -
er age, have less time avail able to them, com pared 
to the other group of neu  trons, to par  tic  i  pate in
dif  fer  ent re  ac  tions. It is prob  a  ble for these neu  -
trons to es  cape from the bound  ary layer while in
their ran  dom move  ment. The av  er  age time pe  -
riod avail  able to the bound  ary layer neu  trons is
con sid ered  as  t*, which will be dis  cussed in more
de  tail in the next sec  tion. For this group of neu  -
trons, the fol  low  ing re  sults are ob  tained:
(1) Prob  a  bil  ity of neu  trons not ab  sorbed in
the  ob ser va tion  time  in ter val  t*:
exp( *) -å vt a
– es  cape prob  a  bil  ity from the bound  ary layer (if
they are not ab  sorbed): P;
– res i dence  prob a bil ity  in  the  bound ary  layer  (if
they are not ab  sorbed): 1 – P;
(2)  Ab sorp tion  prob a bil ity  in  the  ob ser va tion
time  in ter val  t*: 
1- -å exp( *) vt a
– fis  sion prob  a  bil  ity (if they are ab  sorbed):
å
å
f
a
– es cape  prob a bil ity  for  neu trons  pro duced  from
fis sion:   P;
– res i dence prob a bil ity in the el e ment for neu trons 
pro  duced from fis  sion: 1–P;
– cap  ture prob  a  bil  ity (if they are ab  sorbed):
å
å
c
a
By lump  ing all of the above and the pre  vi  ous
terms to  gether, the fol  low  ing ex  plicit re  sults for the
pro duc tion, ab sorp tion and the out put sen tences of the
pri  mary neu  trons are ob  tained:
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ý
þ
1
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(9)
Cal cu la tion  of  the  neu tron
es cape  prob a bil ity  (P) 
Here, iso tro pic scat ter ing and a uni form dis tri bu -
tion  of  neu tron  pop u la tions  are  as sumed.  Ad mit tedly,
by ac  cept  ing these as  sump  tions, the ac  cu  racy of the
model is some  what re  duced. With these re  marks in
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Fig ure  3.  Es cape  prob a bil ity  cal cu la tion  for
bound  ary layer neu  tronsmind, one can imag  ine that the pop u  la  tion of neu  trons
in the mesh vol  ume is lo  cated at half dis  tance from the
sur  face of the mesh in  ter  val. If it is taken that the max  i  -
mum dis tance that the neu trons can travel un til they es -
cape from the re gion is d (d be ing the ra dius of a sphere
cen  tered at the point where the es  cape cal  cu  la  tion is to
be made, re  fer to  fig. 3 for fur  ther clar  i  fi  ca  tion), then
the  es cape  prob a bil ity  is  cal cu lated  to  be:
P
d
=
ò
=
2
4
1
4
0
60
p
p
sinq q
(10)
Cal cu la tion  of  the  time  in ter val  (t*) for the
bound  ary layer neu  trons  
Since the av  er  age time pe  riod avail  able to the
bound  ary layer neu  trons which do not es  cape the
vol ume  el e ment  is  t, and the av  er  age time pe  riod
avail  able to the bound  ary layer neu  trons which es  -
cape the vol  ume el  e  ment is t/2, then one can eas  ily
cal  cu  late the av  er  age time avail  able to the en  tire
pop  u  la  tion in that layer us  ing the above ob  tained
re  sult for the es  cape prob  a  bil  ity as fol  lows:
t
t
t
t
* = + = 1
4 2
3
4
7
8
(11)
Con  sidering the above re  sult, we can with  out
any se vere ap prox i ma tion  and for sim plic ity as sume
t*  as equal to t.
The  sec ond ary  (en trant)  neu trons 
While this group of neu  trons and the pri  mary
neu  trons hold a lot of sim  i  lar  i  ties, they, how  ever,
dif  fer in two dis  tinct as  pects:
(1) The pri  mary neu  trons have a spa  tial an  gle
dis tri bu tion  be tween  0  and  4p steradian, whereas
the en  ter  ing neu  trons have a di  rec  tion to  wards the
vol ume  el e ment;  there fore  a  spa tial  an gle  dis tri bu -
tion be  tween 0 and 2p steradian;
(2) The av  er  age time pe  riod avail  able to these
neu  trons to par  tic  i  pate in any re  ac  tion within the
bound  ary layer equals half of the av  er  age time pe  -
riod avail  able to pri  mary neu  trons.
Let us iden  tify the en  ter  ing neu  trons into the
vol ume  el e ment  by  the  pa ram e ter  I. Using this pa  -
ram  e  ter one can now write down the rel  e  vant pro  -
duc  tion, ab  sorp  tion and the out  put terms aris  ing
from this group of neu  trons as fol  lows:
P V t I
t
i a
f
a
( , ) exp = - -å æ
è
ç
ö
ø
÷
é
ë
ê
ù
û
ú
å
å
1
2
n
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(12)
A V t I
t
i a ( , ) exp = - -å æ
è
ç
ö
ø
÷
é
ë
ê
ù
û
ú 1
2
n (13)
where the in  dex i cor  re  sponds to the above de  fined
pa ram e ter  I.
Now, for the cal cu la tion of the out put term Oi, 
two groups of neu  trons should be con  sid  ered:
(1) The in  put neu  trons which do not par  tic  i  -
pate in any re  ac  tion af  ter en  ter  ing the vol  ume el  e  -
ment. This group of neu  trons can travel the max  i  -
mum dis  tance d and then es  cape the vol  ume
el  e  ment (fig. 4). There  fore, a frac  tion of neu  trons
that en  ter from the top of the line d and do not par  -
tic i pate in any re ac tion can es cape from the el e ment. 
C1 is de  fined as the frac  tion of neu  trons that have
this con  di  tion (en  ter  ing from the top of the line d)
as fol  lows:
C
D
R
1 = (14)
Since I is the in  put neu  trons into the mesh re  -
gion, then IC1  is the to  tal num  ber of neu  trons en  -
ter  ing the bound  ary layer. In this re  gard, N1 (neu  -
trons which en ter the bound ary layer in one spe cific
di men sion)  is  de fined  as:
N IC 1 1
1
4
=
p
(15)
The num  ber of neu  trons en  ter  ing the bound  -
ary layer, de  fined by the dif  fer  en  tial el  e  ment dy, and
es cap ing  the  re gion  with out  any  re ac tion  is:
N
dy
D
Z t 1 2 exp( ) - å (16)
Fur ther more,  the  to tal  out put  sen tence  for
this group of neu  trons is:
O N
dy
D
Z i t 1 1 2 = - å ò exp( ) (17)
From fig. 4, we have:
y Z R y dy ZdZ
2 2 2 2 2 + = Þ = - (18)
hence, the above in  te  gral can be changed into:
O
I
R
Z
ZdZ
R Z
i t
d
1
0
2
2 2 4
2 = - å
- ò p
exp( )
/
(19)
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Fig ure  4.  Es cape  prob a bil ity  of  neu trons  with out  any
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Since the de rived in te gral can not be solved an -
a lyt i cally,  it  should  there fore  be  solved  nu mer i cally.
The  fol low ing  as sump tions  are  con sid ered  for  solv -
ing the in  te  gral:
– speed of neu  trons n @ 107 m/s,
– observation time in  ter  val t @ 10–14  s,
– bound ary layer thick ness d = n ×  t @ 10–7  m,
– radius of the fuel el  e  ment @ 0.5 cm, and
– to tal mac ro scopic cross sec tion St  @ 1500 cm–1.
With the above as sump tions, the de rived in te gral
is equal to:
O I i1
13 01979 10 @ ×
- . (20)
(2) The en trant neu trons, which par tic i pate in
scat ter ing  re ac tion  af ter  en ter ing  the  vol ume  el e -
ment and then es  cape from it. This group of neu  -
trons should first have enough time to par tic i pate in
a scat  ter  ing re  ac  tion and then a frac  tion of them
may es  cape from the vol  ume el  e  ment. As  sume a
neu  tron has trav  eled a dis  tance x to par  tic  i  pate in a
scat  ter  ing re  ac  tion and then trav  els the dis  tance y,
and sub  se  quently es  capes the re  gion (fig. 5). It is
clear that the sum of the dis tances x and y should sat -
isfy  the  fol low ing  con di tion:
x y d + £ (21)
If the out put term for this cat e  gory of neu trons is
shown by Oi2, then by hind  sight and in  tu  ition one can
con clude  that  Oi2, is much smaller than Oi1.
Here, one notes that the con  tri  bu  tion of this
group of neu  trons to the out  put terms is very small. It
is, there  fore, to be de  duced that this group of neu  trons
has only the op por tu nity to en ter the el e ment in the ob -
ser va tion  time  in ter val t and that their later es  cape can
be ig nored.  How ever, the fi nal equa tion can be writ ten
as:
P P A A O O O I i i i i + - + - + + + = ( ) ( ) 1 2 0 (22)
Sim pli fi ca tion  of  the  de rived  equa tion
As noted be  fore, the bound  ary layer thick  ness
is about 10–7 m.  There fore,  the  de rived  ex po nen tial
sen  tences can be ap  prox  i  mated us  ing the Tay  lor ex  -
pan  sion as fol  lows:
exp( ) -å = -å t t vt vt 1 (23)
Uti lizing  this  ap prox i ma tion  and  ap ply ing  it
to the pre  vi  ously de  rived ex  pres  sions we get:
P P P vt N I
total i f = + = å + æ
è
ç
ö
ø
÷ u
2
(24)
A A A vt N I
total i a = + = å + æ
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O O O O NPb vt vt
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1
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u
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and, the fi  nal equa  tion may be writ  ten as:
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In the above equa  tion, uS¦ and Sa can be ig  -
nored against the 1/vt term in the first pa  ren  the  sis
and like  wise all of the terms in the sec  ond bracket
against 1/vt term. With these ap  prox  i  ma  tions im  -
ple  mented, the fi  nal equa  tion be  comes:
N Pb
vt
I
vt
f a uå -å - æ
è
ç
ö
ø
÷+ = 1 1 0 (28)
Con se quently,  the  ap prox i mated  and  the  sim -
pli fied  ex pres sions  for  the  pro duc tion,  ab sorp tion,
in  put and out  put terms be  come:
P N vt f = å u (29)
A N vt a = å (30)
O NPb = (31)
I I = (32)
By  re call ing  the  ex pres sions  ob tained  for  b
and  P and sub  sti  tut  ing them in Pb/vt we get:
Pb
vt
d
R
vt R
= =
1
4
2
1
2
(33)
It is in  ter  est  ing to note that the di  men  sion of
the above term is the in  verse of the unit of length
and shall hence  forth be de  fined as leak  age cross sec  -
tion (SL). With this new no  men  cla  ture, the fi  nal
equa tion  be comes:
N
I
vt
f a L ( ) uå -å -å + = 0 (34)
Fig ure  5.  Es cape  prob a bil ity  of  neu trons  af ter  scat ter -
ing  re ac tionThere  are  few  im por tant  ob ser va tions  worth
not ing  in  re la tion  to  the  co ef fi cient  b. The first ob  -
ser  va  tion is that this co  ef  fi  cient is sen  si  tive to the
type  of  ex ter nal  bound ary  con di tions  ap plied,  i. e. it
de  pends on whether the net cur  rent equal to zero is
used or the in  com  ing cur  rent equal to zero is put.
The other im  por  tant point is that the DDM equa  -
tions in static-state form for other ge  om  e  tries such
as slab, sphere, square, tri  an  gu  lar [7] are ex  actly
iden  ti  cal ex  cept for their dif  fer  ences in the co  ef  fi  -
cient b,  in di cat ing  its  de pend ence  on  the  ge om e try
of the vol  ume el  e  ment.
Some notes on the in  put term (I) 
As seen in fig. 6, the in  put from mesh vol  ume
i+1 to mesh vol ume i is the same as the out put from
mesh i+1 to mesh i.  As a re sult, by us ing the out put
term which was cal cu lated ear lier, we get the fol low -
ing re  sults:
I O N vt i i i i i Li i + + + + = = å 1 1 1 1 , , , (35)
It is also known that å + L i i 1,  is de  fined as:
å =
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= - =
=
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+ +
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i
i i
i
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(36)
where,  ¢+ bi 1 is the in  ner bound  ary layer frac  tion of
the mesh in  ter  val i+1.
Sim  i  larly, the in  put from mesh vol  ume i – 1 to
mesh vol  ume i, as il  lus  trated in fig. 6, is the same as
the out  put from mesh i – 1 to mesh i. In like  wise
man  ner as be  fore, we get:
I O N vt i i i i i L i i - - - - = = å 1 1 1 1 , , , (37)
It is also known that å - L i i 1,  is de  fined as:
å = ¢¢ = - =
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where  ¢¢ - bi 1 is the outer bound ary layer frac tion of the 
mesh  in ter val  i  – 1.
It is to be noted that the pro  duc  tion, ab  sorp  -
tion, in  put and out  put terms are all stated in terms
of the neutronic global vari able N. De riving the dis -
crete equa  tions for each of the mesh in  ter  vals and
link ing them to gether give rise to se ries of al  ge  braic
equa  tions, which will have to be solved si  mul  ta  -
neously. The de  rived ma  trix equa  tion is AN = 0,
where A is a n ´ n  co ef fi cient  ma trix.  N is the un  -
known n ´ 1  ma trix.  Neu tron  pop u la tion  dis tri bu -
tion and the eigenvalue and the cor re spond ing mul -
ti pli ca tion fac tor k can all be ob tained by solv ing the
ma trix  equa tion. 
IM  PROVING THE DDM METHOD
TO MULTIGROUP EN  ERGY
A  cy lin dri cal  fuel  el e ment  with  vol ume  V and
sur face S is as sumed as a po si tion el e ment and a time 
in ter val t is se lected, same as in one-group in ves ti ga -
tions. It is al  lowed that the neu  tron pop  u  la  tion de  -
pends on en  ergy, but rather than treat the neu  tron
en ergy  vari able  E as a con  tin  u  ous vari  able, we will
im me di ately  discretize  it  into  en ergy  in ter vals  or
groups. The neu  tron en  ergy range may be bro  ken
into G en ergy groups, as shown sche mat i cally in fig. 
7. No  tice that a back  ward in  dex  ing scheme was
used for en  ergy in  ter  vals. Due to this fact, that neu  -
tron usu  ally loses en  ergy dur  ing its life  time; neu  -
tron up-scattering will be ig  nored in the pro  cess of
neu tron  multigroup  dis crete  equa tion  pro duc tion.
Neu  trons in mesh in  ter  val i and en  ergy group
g are as  sumed and the ways of pro  duc  tion and loss
of them will be in  ves  ti  gated.
Pro duc tion  ways
I. Pro  duc  tion from fis  sion re  ac  tion may be
shown as:
c u
c u
ig ig ig ig f ig
ig ig ig ig f ig
g g
g
N V
N V
G
( ) å +
+ å å ¢ ¢ ¢ ¢
¢¹
¢=1
(39)
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Fig  ure 6. In  put sen  tence calculation
Fig  ure 7. En  ergy discretizingNig¢ is neu  tron pop  u  la  tion in mesh in  ter  val i with
en ergy  group    g¢, and Vig' is the speed of neu  trons in
mesh  in ter val  i and en  ergy group g'. The other pa  -
ram e ters have the usual mean ing in re ac tor phys ics.
II. Pro  duc  tion of neu  trons in mesh in  ter  val i
and en  ergy group g, due to the scat  ter  ing of neu  -
trons in other en ergy groups in the same mesh in ter -
val:
N V ig ig
g
g
S ig g ¢ ¢
¢=
-
¢® å å
1
1
(40)
å ¢® S ig g is neu  tron scat  ter  ing cross sec  tion from en  -
ergy group g¢ to  g  for mesh in  ter  val i.
III. Pro  duc  tion due to the es  cape of the neu  -
trons in en  ergy group g from mesh in  ter  val i+1 and
i–1 to the de  sired mesh in  ter  val i:
N V
N V
i g i g L i i
i g i g L i i
- - -
+ + +
å +
+ å
1 1 1
1 1 1
, , ,
, , , (41)
It should be men  tioned that leakage mac  ro  -
scopic cross sec tion does not de pend on the neu tron 
en  ergy and can be stated by the one-group en  ergy
the ory  as:
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Loss ways
I. Loss due to ab  sorp  tion re  ac  tion may be
shown as:
N V ig ig a ig å (43)
II. Neu  trons in mesh in  ter  val i and en  ergy
group  g can es cape to the other mesh in ter vals by the 
be low  rate:
N V ig ig Li å (44)
Leak age  mac ro scopic  cross  sec tion  åLi  from
the mesh in  ter  val i can be stated by the one-group
en ergy  the ory  as:
=
-
å
-
1
2 1 ( ) R R i i
Li (45)
III. Neu  trons in mesh in  ter  val i and en  ergy
group g,  can  par tic i pate  in  the  scat ter ing  re ac tion
and there  fore exit from the en  ergy group g by the
be low  rate:
(46) N V N V ig ig S i g g
g g
g g
i g i g S i g g
g g
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å å may be  shown by SS,,ig and  named  to tal 
scat  ter  ing cross sec  tion for neu  trons in mesh in  ter  val i
and en  ergy group g that trans  fers the neu  trons from
en ergy group g to the other en ergy groups. There fore,
the fi  nal neu  tron dis  crete equa  tion in multigroup en  -
ergy for mesh in ter val i and en ergy group g, for a cy lin -
dri cal  ge om e try  be comes:
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where  k is the mul  ti  pli  ca  tion fac  tor of the de  sired
me dium. The de rived dis crete equa tion can be writ -
ten as a ma  trix form AN =(1/k) BN where A and B
are [(n ´ g)  ´ (n ´ g)]  co ef fi cient  ma tri ces.  N is the
un known  [(n  ´  g)  ´ 1] ma  trix.
RE SULTS  AND  DIS CUS SION
To eval  u  ate the DDM method in one-group en  -
ergy, two typ i cal prob lems have been solved us ing the fol -
low  ing data (see tab. 1). First, a fuel el  e  ment made up of
ura  nium-235 with 1 cm ra  dius is con  sid  ered. Next, a fuel
el  e  ment with the as  so  ci  ated clad and cool  ant re  gions is
con sid ered. The clad and the cool ant thick nesses are taken
as 0.1 cm and 0.3 cm, re spec tively. The type of ma te rial as -
sumed for the clad is Zr and that of the cool  ant is H2O.
These ex  am  ples are solved for two widsespread ex  ter  nal
bound ary  con di tions,  namely  J_ = 0  and Jnet = 0. The
same prob lems have also been solved with the MCNP-4B 
[9] and the ANISN codes [10]. Fig ures 8, 9, and 10 show
the  re sults  for  com par i son.
To eval  u  ate the va  lid  ity of the DDM method in
multigroup en  ergy, two crit  i  cal  ity search prob  lems have
been solved in two-group en ergy. NJOY-97 [11] has been 
ap plied to ex tract re quired data from ENDF/B-VI [12] in 
two-group en  ergy. The gen  er  ated data for re  quired el  e  -
ments are pre sented in tabs. 2 and 3. Us ing the pro duced
two-group en  ergy li  brar  ies, first a fuel el  e  ment made up 
of  ura  nium-235  with  4.8  cm  ra  dius  (crit  i  cal ra  dius) is
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Ta  ble 1. Data used in the one-group en  ergy test
ex am ples  ￿7￿
Elements u Sa  ￿cm
–1￿ Sf  ￿cm
–1￿ Ss  ￿cm
–1￿
U-235 2.5   3.3+1
a 2.8+1 4.81–1
Zr 0.00 7.7–3  0.00 3.03–1
H2O 0.00   2.26–2   0.00 2.069
a read as 3.3×10
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Fig ure  9.  Nor mal ized  neu -
tron flux ver  sus dis  tance
for one fuel el  e  ment as  so  -
ci ated  with  clad and cool  -
ant; one-group the  ory
(input cur  rent into the last 
mesh is zero)
Fig ure  10.  Nor mal ized  neu -
tron flux ver  sus dis  tance for
one  fuel  el e ment  as so ci ated 
with clad and cool  ant;
one-group the  ory (net cur  -
rent into the last mesh is
zero)
Fig ure  8.  Nor mal ized  neu -
tron flux ver  sus dis  tance for
one fuel el e ment with ra dius 
1 cm; one-group the  ory (in  -
put cur  rent into the last
mesh is zero)con sid ered. Next, a fuel el e ment with the as so ci ated cool -
ant re gion is con sid ered. The crit i cal ra dius of the fuel el e -
ment which is sur  rounded by 6.25 cm cool  ant, changes
to 3.75 cm, for the ex  ter  nal bound  ary con  di  tion, J_ = 0.
The same prob  lems have also been solved with ANISN
code. Fig ures 11 and 12 show the re sults for com par i son.
It should be no  ticed that the neu  tron fluxes
were nor  mal  ized be  tween 0 and 1. In re  al  ity, the
ther  mal flux is of the or  der 10–14  in  com par i son  to
the or  der 1 of fast flux.
CON CLU SION
The DDM method is very sim ple to set up and 
it ob  vi  ates the need to go through the dif  fer  en  tial
for  mu  la  tion pro  cess first. DDM starts from the ba  -
sic and fun  da  men  tal mean  ings of neu  tron phys  ics,
then passes to the de sired mesh ing scheme of the ge -
om  e  try on hand, and, by writ  ing the bal  ance equa  -
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Fig ure  12.  Nor mal ized  neu -
tron flux ver  sus dis  tance for
a fuel el  e  ment sur  rounded
by cool  ant with crit  i  cal ra  -
dius; two-group the  ory (in  -
put cur  rent into the last
mesh is zero)
Fig ure  11.  Nor mal ized  neu -
tron flux ver  sus dis  tance for
one fuel el  e  ment with crit  i  cal
ra  dius; two-group the  ory
(in  put cur  rent into the last
mesh iz zero)
Ta  ble 2. The fast data used in two-group en  ergy test
problems
Ele-
ments
Sa1
￿10–28 m2]
sf1
￿10–28 m2￿
sS1
￿10–28 m2￿
sS1®1
￿10–28
m2￿
sS1®2
￿10–28 m2￿
u
U-235 1.1865 1.1845 6.386 6.460 1.2–9 2.85
H-1 3.63–5 00.00 2.534 2.534 1.3–6 0.00
O-16 4.00–2 00.00 2.245 2.245   1.3–15 0.00
Table 3. The thermal data used in two-group energy test 
problems
Ele-
ments
Sa2 
￿10–28
m2￿
sf2
￿10–28 m2￿
sS2
￿10–28 m2￿
sS2®2
￿10–28 m2￿
sS2®1
￿10–28 m2￿
u
U-235 119.19 102.68 14.287 14.287 00.00 2.41
H-1 7.96–2 00.00 21.236 21.236 00.00 00.00
O-16 4.57–5 00.00 3.898 3.898 00.00 00.00tion for each mesh in ter val and com bin ing them, we 
are fi  nally lead to the sought al  ge  braic ma  trix equa  -
tion. This method in one-group and multigroup en -
ergy pro  duces rea  son  able re  sults, which are com  pa  -
ra  ble with those ob  tained from the MCNP-4B and
the ANISN codes.
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Naser VOSUGI, Ali Agbar SALEHI, Maxid [AHRIARI, Enco TONTI
DIREKTNA  DISKRETNA  METODA  I  WENA  PRIMENA
U  TRANSPORTU  NEUTRONA
U radu je prikazana jedna nova metoda za neutronske prora~une. Ovaj postupak, nazvan
direktna diskretna metoda, jednostavniji je od uobi~ajene primene neutronske transportne
jedna~ine, i u ve}oj je saglasnosti sa fizi~kim zna~ewima zadatka. Metoda polazi od formirawa
mre`e razmatrane geometrije zasnovane na fizici problema i obrazovawu jedna~ina balansa za
svaki in  ter  val mre`e. Povezuju}i mre`ne intervale, kona~an sistem diskretnih jedna~ina
neposredno se dobija bez potrebe da se prethodno uspostavi diferencijalna transportna jedna~ina
neutrona. U radu su obrazovane jednogrupne i multigrupne diskretne transportne jedna~ine
neutrona za gorivni el e ment cilindri~nog oblika sa i bez pridru`ene ko{uqice i zone hladioca – 
svaka sa dva razli~ita uslova na spoqa{woj granici. Vaqanost rezultata dobijenih novom metodom 
proverena je pore|ewem sa rezultatima ostvarenim programima MCNP-4B i ANISN.